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Abstract 
Anderson, B.A., A product theorem for 2-sequencings, Discrete Mathematics 87 (1991) 
221-236. 
It is shown that if a finite group G of odd order has what is called a starter-translate 
2-sequencing and a finite group H has a 2-sequencing, then the group G x H has a 
2-sequencing. This generalizes a theorem of Bailey. Special cases of this result can be applied 
to various questions involving sequencings of groups. For example, Keedwell has exhibited a 
class of non-Abelian groups of odd order that have sequencings. Some of these sequencings are 
starter-translate sequencings and it follows that the collection of odd positive integer orders for 
which there is a known non-Abelian sequenceable group (and hence a complete Latin square) 
can be substantially enlarged. New classes of non-Abelian groups with a unique element of 
order two are shown to have symmetric sequencings. 
1. Introduction 
Suppose G is a finite group of order n with identity e. A sequencing of G is an 
ordering 
y: e, c2, c3, . . . , c, 
of all elements of G such that the partial products 
6: e, ec2, ec2c3, . . . , ec2c3 * . - c, 
are distinct and hence also all of G. Sequenceable Abelian groups have been 
characterized [lo] as those Abelian groups with a unique element of order 2. 
Several infinite families of non-Abelian groups have been shown sequenceable 
[5-6,8,11-121 including some of odd order. It is known [lo] that the non- 
Abelian groups of orders 6 and 8 are not sequenceable and conjectured [13] that 
all finite non-Abelian groups of order II, it 2 10, are sequenceable. Recently [3-41 
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all 86 non-Abelian groups of order n, 10 G n s 32, have been shown sequence- 
able. Various uses of sequencings are mentioned in [lo, 121. 
Relatively little is known about sequenceability for non-Abelian groups of odd 
order. The only result, except for a few isolated cases of specific groups, seems to 
be the following. 
Theorem 1 [12]. Zf p is an odd prime with primitive root 2 and q = 2ph + 1 is 
another odd prime, then the non-Abelian group of order pq is sequenceable. 
One application described here of the product theorem mentioned in the title is 
to show that the sequencings found by Theorem 1 can sometimes be used to 
generate sequencings for products of groups of the type considered. 
The idea of a 2-sequencing (or ‘terrace’ [7]) has proven to be a useful 
generalization of the concept of a sequencing. 
Definition 1. Suppose H is a finite group of order n with identity e. A 
2-sequencing of H is an ordering 
(5: e, s2, s3, . . . , s, 
of certain elements of H (not necessarily distinct) such that: 
(i) the associated partial products 
p: e, es2, es2s3, . . . , es2s3 - * * s, = e, t2, t3, . . . , t, 
are distinct and hence all of H, 
(ii) ifyEHandy#y-‘, then 
(iii) ifyEHandy=y-‘,then 
I{i:lciSn andsi=y}l=l. 
Definition 2. Suppose u is a 2-sequencing of H and p is the associated partial 
product sequence. The statement hat u is a d-2-sequencing means that there is a 
j, 2Sj Grz - 1 and there is a y in H such that: 
(i) y#e#y2 
(ii) Ctj, tj+l) E i(Y7 Y’)J (Y”, Y)>- 
A d-Zsequencing CJ of H is centered iff, with j as in the previous sentence, there 
isani~jandk>j+1(notk~j+1)suchthateithersi=skorsi=sk1. 
The letter ‘d’ was chosen in the above definition to reflect the fact that in 
additive notation, a d-Zsequencing has consecutive elements in the partial 
product row such that one element is ‘double’ the other. 
Definition 3. Suppose G is a group of odd order 2n + 1 and identity e. Then 
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F = {{Xl, Yl}, . * . 9 {x,, y,}} is a left starter for G iff: 
(i) every non-identity element of G occurs in some pair of F, 
(ii) every non-identity element of G occurs in 
{x;‘y,, y;‘x,: 1 s i =5 n}. 
Right starters are defined similarly except that the collection in (ii) changes to 
{x,y;‘, y,x;‘: 1 =z i C n}. 
If G is Abelian there is no distinction between left and right starters. There are 
examples of a non-Abelian group G with a family F that satisfies one of the two 
definitions but not the other. 
The special collection {{x, x-l}: x E G\(e)} will be denoted PSG. This notation 
comes from the idea of a patterned starter for Abelian groups [ 151. 
Lemma 2. Zf G is a finite group of odd order 2n + 1, then PSo i.s a left starter 
for G. 
Proof. This is well known [15] if G is Abelian and the argument for G Abelian 
carries over to the general case. One must show that if x and y are non-identity 
elements in G, then x # y implies x2 #y2. If x2 = y*, then (x~)~+’ = ( y2)n+1 so that 
x=y. 0 
Definition 4. Suppose G is a group of odd order n with 2-sequencing 
u = a(G): e, s2, s3, . . . , s, 
and associated partial product sequence 
p = p(G): e, t2, t,, . . . , t,,. 
The statement that u is a starter-translate 2-sequencing (st-2-sequencing) means 
that both 
S o(G) = {s3, s5, . . , , s,> and TocG) = {s2, s4, . . . , s,-~} 
are transversals of PSG. A dst-2-sequencing is defined as in Definition 2. An 
St-sequencing is an st-2-sequencing such that SoCGj II ToCGj = 0. 
The reason for this terminology is as follows. If SoCGj is a transversal of PSG, 
then since szi+t = t;1tz+l it is clear that 
F = {{tz, fd  lb, fd, . . . , {tn-1, t,J> 
is a left starter for G. Similarly, if T&o) is a transversal of PSo, then 
K = {{e, tz>, {f3, fJ, . . . , {L2, L-J> 
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is a left translate by t,, of the left starter 
R = {{t;‘, t;lt*}, {t& t,‘t,}, . . . ) {t;$-*, t,‘t,_,}} 
for G. 
2. The constructions 
In this section G will always denote a group of odd order n and 
a(G): e, s2, s3, . . . , s, 
will denote an st-Zsequencing of G with associated 
p(G): e, t2, t3, . . . , tn. 
H will denote a finite group of order m and 
a(H): e, u2, u3, . . . , 24, 
will denote a 2-sequencing of H with associated 
P(H): e, v2, 213, . . . , 21,. 
Construct a JGl . IHI array of points. Label the rows from top to bottom by the 
elements of p(G) in order. Label the columns from left to right by the elements 
of p(H) in order. In this way every point in the array is associated with a unique 
ordered pair from G x H. The goal is to define a Hamiltonian path through the 
array that starts at the point labelled (e, e) and can be interpreted as the partial 
product sequence P(G x H) associated with a 2-sequencing a(G X H) of G X H. 
There are two basic cases depending on the parity of (H( and each case has two 
variations with respect to the Hamiltonian paths to be considered. Fig. 1 shows 
the constructions for IH( odd (IHI = 5 is used) and Fig. 2 shows the constructions 
for IHI even (IHI = 6 is used). 
The starter pairs of p(G) are designated by the dotted lines. Note that the 
e l e l 
“y q 
i i 
t ? 
frl l 5-l’ 
s-weave lHl=miscdd t-weave 
Fig. 1. 
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s-weave I H I = III is even t-weave 
Fig. 2. 
‘weave’ in the s-weave (t-weave) occurs on the rows corresponding to the starter 
pairs (translate pairs) on p(G). Bailey [7, Theorem 41 has used the s-weave in a 
less general setting. 
It is clear that these ideas extend to arbitrary IG] . IHI arrays such that ]GI 3 3 
is odd and IH] 2 2. If one starts at (e, e) and travels such a path, an orientation is 
induced on each edge. If an edge is travelled from vertex c to vertex d, define 
yCd E G X H such that cy,d = d. (1) 
If (e, e) is placed first, this gives an ordered collection of elements of G x H 
whose associated partial product sequence is the given path. Thus, if the given 
path is denoted by P(G x H), the idea is to compute the associated a(G x H) via 
(1). 
Make the obvious definitions with respect to the terms ‘horizontal edge’, 
‘vertical edge’ and ‘diagonal edge’ in the paths of Figs. 1 and 2 and agree that if 
X c G, then X-’ = {x-l: x E G}. 
Lemma 3. The following results hold. 
(i) In all constructions, the path begins at (e, e) and is a Hamiltonian path 
through G x H. 
(ii) In all constructions, travelling the horizontal edges along the oriented path 
yie1aY.s {e} X {u,, u3, . . . , u,} via (l), with repetitions possible in 
{ u2, u3, * * * 7 u,} since o(H) is a 2-sequencing. 
(iii) Zf (HI is odd, travelling the vertical edges along the oriented path yields 
(To(c) X {e>) U C&G) x {e)) = {sz, s3, . . . ,s,> x {e> 
via (1) with repetitions possible in {sz, s3, . . . , s,}. 
(iv) Zf IH( is even, travelling the vertical edges along the oriented path yields 
(a) (To(G) X {e}) U (s;{G) X {e}) in the s-weave 
(b) (T&j X {e}) U (&,cGj X {e}) in the t-weave 
via (1). 
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Proof. The computations are straightforward. 0 
What happens when one travels the diagonal edges? Consider two rows 
labelled by ti and &+I that carry a weave and one vertical edge as in Fig. 3. 
e 
. . 3 
” 
. . E ‘.3 5 
Start 
ti 7 . . . 
ti+i 
90( M 
fmish 
:;+,I L& . . . &j 
finish 
I H I = m is odd; s-weave I H I = m is even; t-weave 
Fig. 3. 
What does (1) yield here? Travel this portion of the path from start to finish 
applying (1) at each step. 
Lemma 4. The following results hold for the two diagrams shown in Fig. 3 and the 
two other possibilities not shown in Fig. 3. 
(i) In all the cases first coordinates of the elements of a(G x H) that arise via 
(1) alternate between 
t;lti+l =x and t;_Iti =x-l. 
(ii) For any H, the second coordinates of the elements of a(G x H) that arise 
via (1) occur in the following order: 
(a) For the s-weave: u;‘, u;‘_,, . . . , u;l, e, u2, . . . , u,,,-~, u,. 
(b) For the t-weave: u2, u3, . . . , u,, e, u;l, . . . , u;‘, u;‘. 
Proof. The computations are straightforward. 0 
It will be useful to define the ordered (IHI - 1)-tuple 
A = (u2, u3, . . . , u,). 
It follows from Lemma 4 that it a portion of a path as in Fig. 3 is transversed, 
then the s-weave case will give the following ordered collection as a part of 
a(G x H), for IHI of either parity. 
(x, u,‘), (x-l, u,‘-,), . . . , (x-l, %-I), (x, wn) (2) 
A similar statement holds for t-weaves. The x-positions in (2) are clearly the 
positions 1,3,5, . . . , 2 IHI - 1 and the x-‘-positions in (2) are the positions 
2,4, . . . ,2lHl-2. 
Lemma 5. The ordered (2 IHI - 1)-tuple (2) and the corresponding ordered 
(2 IHI - 1)-tuple for t-weaves both have the property that for each i, 2 c i s m, u;’ 
is in an x-position iff ui is in an x-position. 
This allows one to speak of x-positions and x-‘-positions in A also. Note that 
(2) contains one element associated with a vertical edge. If it can be shown that 
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the other elements of (2) or the corresponding (2 1Hj - 1)-tuple for t-weaves 
handle the inverse pairs in 
ix, x-l> x (H\(e)) 
with respect to the properties of 2-sequencings, then the fact that a(G) is an 
st-Zsequencing and the results in Lemma 3 will show that a(G x H) is a 
2-sequencing. With the notation as established above it is possible to show the 
following generalization of [7, Theorem 41. 
Theorem 6. If G has an st-2-sequencing o(G) and H has a 2-sequencing o(H), 
then G x H has a 2-sequencing. 
Proof. Consider the s-weave cases (the arguments for the t-weave cases are 
analogous). As noted, Lemma 3 and the fact that o(G) is an st-Zsequencing 
combine to reduce the proof to a careful examination of (2). 
Suppose first that JHI is odd. Let {y, y-‘} be a pair of distinct elements of H. 
Since o(H) is a 2-sequencing, 
I{i:2<i<m and (ui=y or ui=y-‘)}]=2. 
This will be referred to as the ‘two occurrences of {y, y-l}‘. 
Case 1: The two occurrences of {y, y-‘} are in x-positions of A ( the argument 
f or n-l-positions is similar). 
If y occurs twice in A (y-’ similar), then the four occurrences of {y, y-‘} as 
second coordinates in (2) are, by Lemma 5, all in x-positions and (2) contains 
(x, y-l), (x, y-w, Y), (4 Y). 
Since (x-l, y) and (x-l, y-‘) never occur, the conditions for a 2-sequencing in 
G x H are not violated. 
In what follows, only the subcase assumption and what appears in (2) because 
of the assumption will be listed. The first two pairs listed will appear in the first 
IHJ-1 positions of (2) in some order and the last two pairs listed will appear in the 
last IHI- positions of (2) in some order. 
Ify andy-’ each occur once in A, then (2) contains 
6, y-3 (x, Y), (-5 Y), (x7 y-7 
and the conditions of a 2-sequencing are not violated. 
Case 2: The two occurrences of {y, y-‘} in A are split between x- and 
x-‘-positions. 
If y occurs twice in A (y-’ similar), then (2) contains 
(& y-l), (x-l, Y-l), (x-‘9 Y), (x, Y) 
and the conditions of a 2-sequencing are not violated. 
If y and y-l each occur once in A, then without loss of generality, assume y 
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occurs in an x-position so that (2) contains 
(x9 Y-l)> w’, Y), (x-l, y-l), (x, Y) 
and the conditions for a 2-sequencing are not violated. 
Suppose now that IHI is even. Cases 1 and 2 can be repeated verbatim but now 
there is a new case corresponding to the elements y of order 2 in H. 
Case 3: e#y=y-l in H and the single occurrence of y in o(H) is in an 
x-position (x-l-position similar) of A. 
Then (2) contains 
(x, y-l), (x, Y) = (x9 Y), (x9 Y) 
and since (2) does not contain (x-l, y), the conditions for a 2-sequencing in 
G x H are not violated. This completes the proof of Theorem 6. 0 
There are special cases of Theorem 6 which can be made to yield stronger 
conclusions. To that end, suppose now that IHI is odd and refer to Fig. 1. Every 
vertical edge in either the s-weave or t-weave may be thought of as being 
‘projected from’ an edge directly left of it in p(G). Similarly, every horizontal 
edge and diagonal edge is projected from the edge in p(H) directly above it. As 
in the introduction 
F = {{tz, f3), (t4, ts>, . . . > {h-l, L>> 
is the collection of starter edges for p(G) and 
K = {{e, &I, {f3, fd), . . . , {h--2, L-J> 
is the collection of translate edges for p(G). Analogous statements can be made 
for p(H). For each of the two oriented paths in Fig. 1 and for the corresponding 
oriented paths in a general IG 1 - IHI array where IHI is odd, define edges 
1,3,5,. . . to be the translate edges for o(G x H) and edges 2,4,6, . . . to be the 
starter edges for o(G X H). 
Lemma 7. Zf IHI is odd, and the Hamiltonian path through G x H is either the 
s-weave or the t-weave, then 
(i) starter edges in p(G) and p(H) project only to starter edges for o(G x H), 
(ii) translate edges for p(G) and p(H) project only to translate edges for 
P(G x H). 
Proof. The computations are straightforward. Cl 
Theorem 8. Suppose IHI is odd and the Hamiltonian path through G x H is either 
the s-weave or the t-weave: 
(i) Zf a(G) and o(H) are both st-2-sequencings, then so is a(G x H). 
(ii) Zf a(G) and o(H) are both st-sequencings, then so is a(G x H). 
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Proof. Again restrict attention to the s-weave case; the t-weave case being 
similar. Suppose a(G) and a(H) are both st-Zsequencings and consider the 
starter edges of &G x H). The oriented diagonal starter edges joining points in 
the rows labelled by tz and t3 give 
{+] x ]S,W, U &&I = {h) x W\{el) 
via (1). From this it is easy to see that the horizontal starter edges, vertical starter 
edges and full set of diagonal starter edges yield 
He> x %wI U [%3 x {e)l U K&j x (We>)1 (3) 
via (1). Similarly, the translate edges contribute 
He> x ~o~ff~l U key x WI U LCt,j x WWI (4) 
via (1). Since (3) and (4) are both transversals of PSGxH, (i) is clear. Note further 
that 
&,G, X WVeI)l n L%(G) X(We>)] = 0. 
Thus, if p(G) and p(H) are both st-sequencings, then 
S o(G) t-7 %(G) = 0 and So(n) n To(~) = 0 
so that (3) n (4) = 0 and (ii) holds. Cl 
Certain applications require d-Zsequencings [5]. Although more can be done, 
suffice it here to be content with the following 
Corollary 9. If G and H are as in Theorem 6 except that a(H) is a d-Zsequencing, 
then the s-weave yields a d-Zsequencing a(G x H). 
Proof. Clearly the same i that works to show a(H) is a d-Zsequencing can be 
used to verify that u(G X H) is a d-2-sequencing since the identity of G is the first 
coordinate of the first IHJ terms in u(G x H). 0 
It may be useful to note in passing that certain potential strengthenings of 
Theorems 6 and 8 do not work. It is easy to see that if u(G) and u(H) are both 
2-sequencings, then neither the s-weave nor the t-weave need be a 2-sequencing 
of G x H. It is possible to construct examples such that u(G) is an St-sequencing 
of G, u(H) is a sequencing of H, but neither weave is a sequencing of 
G x H. 
Definition 5. Let X be the class of all finite groups of odd order. Let Y&, 92, $J&, 
and (e&, be subclasses of X such that: 
(i) G E ?& iff G has an St-sequencing, 
(ii) G E 32 iff G has an st-Zsequencing, 
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(iii) G E %& iff G has a dst-Zsequencing, 
(iv) G E %‘i,, iff G has a centered dst-2-sequencing. 
Theorem 10. Y&, ‘S& 9X&, and %‘i,, are all closed under the operation of finite 
direct products. 
Proof. This is an immediate consequence of Theorem 8 and Corollary 9. Cl 
3. Applications 
The weave constructions can be used in some interesting ways to deal with 
various questions involving sequencings. In view of Theorem 10, it is useful to 
know something about the classes Y&t %z, Y& and U”,,,. 
Theorem 11. All Abelian groups of odd order are in (es,,. 
Proof. By basic properties of Abelian groups of odd order, each such group is a 
direct product of cyclic groups of odd order. Every cyclic group of odd order has 
a centered dst-Zsequencing [5, Lemma 121 and the result follows by Theorem 
10. cl 
Suppose now that p and q, p <q = 2ph + 1 are odd primes and N,_ is the 
non-Abelian group of order pg. Then, as is well known, Np4 is generated by two 
elements a, b such that a4 = e, bP = e and ab = has, where sp = 1 (mod q). The 
group operation is then (b”a “)(b”ay) = b”+xavs’+y. Note that under this operation, 
if 
(b”a”)(b”aY) = e 
then either u = x = 0 or {u, x} E PS+ where Zp is the cyclic group of order p. 
As stated in Theorem 1, Keedwell has shown that if 2 is a primitive root of p , 
then Npq is sequenceable. In order to show that some of these sequencings are 
st-sequencings, it will be necessary to outline a small part of Keedwell’s work. In 
what follows, r is a primitive root of q satisfying certain conditions, 6 is a 
primitive root of p such that 26 = 1 (modp), h E Zq_l and satisfies certain 
conditions and all @) are nonzero elements of b,. It will be useful to partition 
the sequencing into three parts (A), (B), and (C). (A) will consist of the first q 
elements of the sequencing, (B) will contain the next (q - l)(p - 1) elements 
(shown as q - 1 rows of p - 1 elements each) and (C) will consist of the last p - 1 
A product theorem for 2-sequencings 231 
elements of the sequencing. Keedwell’s sequencing a(N,,) [12] is then 
. . _ 
In order to analyze starter-translate questions, it is easiest to consider T,,cNP,,. 
These elements are bold-faced above. 
Theorem 12. Keedwell’s sequencing of NP4 is an St-sequencing iff 
p, q = 3 (mod 4). 
Proof. Essentially the same argument works on all three parts of a(N,,). 
Consider part (A) first. It is required that 
l[F(r - l)], r2[#--l(r - l)], . . . ) r@[F(r - l)] (5) 
be a transversal of R!&,. Let Q, denote the quadratic residues modq and Ng 
denote the quadratic nonresidues mod q. Then (5) describes the set #-‘(r - 
l)Q,. This means that (5) is either Q4 or Ng. But Q4 (and hence N,) is a 
transversal of RSz, iff -1 E N4 iff q = 3 (mod 4). In a similar fashion, the 
bold-faced elements of (B) consist of all elements of the form bYuV where v # 0 
and 
u E (6 - 1, 6*(6 - l), b4(6 - l), . . . , W3(6 - 1)) = (6 - l)Q,. 
Thus, the bold-faced elements of (B) will be a transversal of the appropriate 
inverse pairs in NP4 exactly when p = 3 (mod 4). 
In order to handle (C), first note that aper = 2’-‘. This implies that the 
exponents of the underlined elements in (C) are 
(2, 23, 25, . . . , 2p-2} = N, 
since 2 is a primitive root of p. Again, N, is a transversal of PSz iff P 
p=3(mod4). 0 
It is clear that if p, q = 3 (mod 4) are primes such that q = 2ph + 1, then h is 
odd, so h = 2k + 1 and then q = 4pk + (2p + l), k 2 0. Since (4p, 2p + 1) = 1, 
Dirichlet’s Theorem insures that if p = 3 (mod 4) is prime with primitive root 2, 
then there are infinitely many primes q = 3 (mod 4) such that NP4 has an 
St-sequencing. All such groups are in Y&,, and so sequencings exist for many 
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non-Abelian groups of odd order where the order has not previously been known 
to carry any sequenceable non-Abelian group. 
Theorem 13. Keedwell’s sequencing of N,, is a centered d-sequencing. 
Proof. Consider part (A) of such a sequencing. If one replaces ai by j and 
substitutes rhP1 - rhP2 for the last element b, then (A) and the associated partial 
sum sequence are 
r,r :0, rh - rhP1, rh+’ - rh, . . . , rqe2 - rqP3, 
1 -rqm2 r - 1 r h-2 > 9 . . . , _ rh-3, rh-l _ rh-2 
0 :o, rh _ rh-l, rh+’ _ rh--l, , . . , ,a-2 _ rh-l, 
I_ rh-l r _ rh-l 
7 > . . . , 
rh-2 _ rh-l 
, 0. 
The search is for a consecutive pair (tj, tj+l) in 0 such that one element is twice 
the other. The two possibilities are: 
(I) 2(# _ rh-l) = #+l _ rh-l, 
(II) 
# _ #-1 = 2(#+1 _ rh--l). 
One easily shows that (I) implies ri = rh-’ /(2 - r) which can be solved for i iff 
r # 2 and furthermore i 4 {h - 2, h - l}. Similarly (II) implies ri = rh-‘/(2r - 1) 
which can be solved for i iff r # 2-l and again i 4 {h - 2, h - l}. Since q 3 7, 
2-l f2 and there is a primitive root r # 2, it follows that the sequencing is a 
d-sequencing. 
One could write rl as 
r~: 0, r”(rh - rh--l), r(rh - rh--l), . . . , rqe3(rh - P-l), rqm2(rh - rh--l) 
and r(q-l)n = - 1 which shows how inverse pairs are separated in rl. Since the last 
element of 77 is used toward the end of the sequencing and since i 4 {h - 2, h - 
l}, it is easy to see that the special pair is centered. Cl 
In spite of the fact that Theorem 12 is a characterization, it seems likely that 
more can be done using Keedwell’s construction from the point of view of looking 
for st-sequencings. Consider NPq where p = 3 (mod 4) and q = 1 (mod 4). The 
argument used for parts (B) and (C) in Theorem 12 still holds. The question, 
then, is whether or not (A) can be modified to yield an St-sequencing. This can be 
done for p = 3 and q = 13. First consider some preliminaries to a possible general 
attack on this question. 
Definition 6. Suppose G is a group of order n. A near sequencing [12] or 
R-sequencing [9,14] of G is an ordering 
rl= rl(G):e, s2, s3, . . . , s,-~, s, 
of all elements of G such that the associated partial product sequence (ti = 
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es2s3 - - ’ si) 
0 = B(G):e, t2, t3, . . t .P n-1, t ” 
contains all elements of G except one, denoted m, and t,, = e. 
Note that if n(G) is a near sequencing of G, then so is 
r~-l(G):e, s;i, s;!,, . . . , s;‘, s;’ 
for then 
K’(G):e, &_r, tn_-2, . . . , tZ, e. 
The near sequencing analogue of st-sequencings will be useful. 
Definition 7. Suppose G is a group of odd order n with near sequencing 
rl: e, s2, . . . , s, and associated partial product sequence 0: e, t2, . . . , t,,_1, e. The 
statement that rl is a translate-translate near sequencing (tt-near sequencing) 
means that 
S t)(G) = {s3, Q, . . . , 3,) and TvcGj = {s2, s4, . . . , s,-~) 
are disjoint transversals of PSG. 
If t,r is a tt-near sequencing of G and 8 has missing element m, then 
K = {{e, t2), {t3, f4), . . . , {L2, b-d> 
is a left translate by m of the left starter 
R = {{m-l, m-‘t2}, {m-‘t3, m-‘t,}, . . . , {m-‘t,_,, m-‘t,_I}) 
and 
F= {{f2, f3), {f4, ts>, . . . , {Ll, e>> 
is a left translate by m of a left starter p. 
Deli&ion 8. Suppose D and E are left starters for G. The associated graph 
Gr(D, E) has the elements of G\(e) as vertices and the pairs of D U E as edges. 
D and E are harmonious iff Gr(D, E) is a (1Gl - 1)-cycle. D and E are 
O-harmonious iff they are harmonious and if the (ICI - 1)-cycle is travelled in 
either direction, the set of consecutive ordered differences (computed as in (1)) is 
G\(e). 
Theorem 14. Suppose 17 is a tt-near sequencing of G with associated 8 and missing 
element m. Then 
m-‘8:m-‘, m-Q,,, m-‘t3, . . . , m-‘t,_l, m-l 
15 a (ICI - 1)-cycle associated with O-harmonious left starters D and E on G. 
Proof. The computations are straightforward. 0 
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Theorem 15. Suppose D and E are O-harmonious left starters on G with 
(ICI - 1)-cycle x0, ~1, ~2, . . . , x,_~, x0 and e fy =Xi* Then 
8,:y-‘Xi, y-lXi+l, . 1 . ) y-lX,_l, Y-lXO, . . . ) y-lXi_*p y-‘Xi 
and 
8~:y-‘Xi, Y-lXi-Ij . * * 9 y-lX(J, y-lXn-_lj . f f ) y-lXi+l, y-‘Xi 
are partial product sequences for tt-near sequencings of G. 
Proof. The computations are straightforward. 0 
Now consider Keedwell’s sequencing [12] of N3.13. As always, the sequencing 
begins with a truncated near sequencing of Z, = H13. The example used is (with aj 
replaced by j) 
7&Z&:0, 12, 11, 9, 5, 10, 7, 1, 2, 4, 8, 3 6 
f3(&,) :0, 12, 10, 6, 11, 8, 2, 3, 5, 9, 4, 7 0. (6) 
Note that 1 is missing from e(Z,,) and that the bold-faced elements in q(Z,,) 
are the quadratic residues Q13 but -1 E Q13 so that r](Ei3) is not a tt-near 
sequencing. Consider the following tt-near sequencing of Ei3. 
?/(Z,,):O, 5, 12, 4, 8, 7, 2, 3, 9, 11, 10, 1 6 
&Hi,) :O, 5, 4, 8, 3, 10, 12, 2, 11, 9, 6, 7 0. (7) 
By inspection, the bold-faced elements of ?&Zi3) are a transversal of PSzl,, the 
last elements of q(&) and 4(2,,) agree and the missing element is 1 for both 
f3(Z,,) and @,J. Thus replace (6) by (7) in Keedwell’s example to construct an 
St-sequencing of iV3.i3. 
The next application will involve the notion of a symmetric sequencing. A 
sequencing 
u:e,s,, . . . ,s,+~, . . . ,s2” 
of a group G or order 2n and with a unique element z of order 2 is said to be 
symmetric [l] iff s,+i = z and for 1 s i c n - 1, S,+l+i = (S,+l_i)-‘. One reason 
for interest in symmetric sequencings is because they induce 1-factorizations of 
complete graphs such that the symmetry group of the l-factorization contains the 
group sequenced. 
Definition 9. Suppose n > 2 in a positive integer. The dicyclic group Q2n is the 
group of order 4n defined by 
Q2,, = {a’bj: 0 s i s 2n - 1, 0 < j s 1, a2n = e, b2 = an, ba = a*“-‘b}. 
It is known [5] that Q2n has a symmetric sequencing iff n > 3. 
Theorem 16. Zf G E 32 and n 2 3, then Q,,, x G has a symmetric sequencing. 
Proof. It is known [5] that if n 2 3, the dihedral group D, of order 2n has a 
2-sequencing. Thus by Theorem 6, if G E 32, D,, x G has a 2-sequencing. 
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Since 
(Q,n x G)/& = D, x G, 
the result follows by [2, Theorem 41. 0 
This result is stronger than a similar theorem in [6] because G need not be 
Abelian and because ]Qznl and ]Gl need not be relatively prime. 
The quaternion group Q4 has a unique element of order 2 but does not have a 
symmetric sequencing [lo]. Another result of [6] can be strengthened using ideas 
described here. 
Lemma 17. If the group H has a centered d-2-sequencing and (H( is odd, then 
Z2 x H has a symmetric d-sequencing. 
Proof. This follows the argument for case 1 of [5, Theorem lo] mutatis mutandis. 
It is here that one makes use of the si and Sk (see Definition 2) of the centered 
2-sequencing. 0 
Theorem 18. Zf the group H has a centered d-2-sequencing and IHI is odd, then 
Q4 x H has a symmetric sequencing. 
Proof. By Lemma 17, Z2 x H has a symmetric d-sequencing. Therefore, by [6, 
Theorem 51, Z2 x (Hz x H) has a 2-sequencing and the result follows from [2, 
Theorem 41 since 
References 
[l] B.A. Anderson, Sequencings and starters, Pacific J. Math. 64 (1976) 17-24. 
[2] B.A. Anderson, Sequencings of dicyclic groups, Ars Combin. 23 (1987) 131-142. 
[3] B.A. Anderson, A fast method for sequencing low order non-Abelian groups, Ann. Discrete 
Math. 34 (1987) 27-42. 
[4] B.A. Anderson, S,, A, and All Non-Abelian Groups of Order 32 are Sequenceable, Congr. 
Numer. 58 (1987) 53-68. 
[S] B.A. Anderson, All dicyclic groups of order at least twelve have symmetric sequencings, 
Contemp. Math. 111 (1990) to appear. 
[6] B.A. Anderson and P.A. Leonard, Symmetric sequencings of finite Hamiltonian groups with a 
unique element of order 2, Congr. Numer. 65 (1988) 147-158. 
[7] R.A. Bailey, Quasi-complete Latin squares: construction and randomization, J. Royal Stat. Sot. 
B 46 (1984) 323-334. 
[8] R. Friedlander, Sequences in non-abelian groups with distinct partial products, Aequationes 
Math. 14 (1976) 59-66. 
191 R. Friedlander, B. Gordon and M. Miller, On a group sequencing problem of Ringel, Congr. 
Numer. 21 (1978) 307-321. 
[lo] B. Gordon, Sequences in Groups with distinct partial products, Pacific J. Math. 11 (1961) 
1309-1313. 
236 B.A. Anderson 
[ll] G.B. Houghton and A.D. Keedwell, On the sequenceability of dihedral groups, Ann. Discrete 
Math. 15 (1982) 253-258. 
[12] A.D. Keedwell, On the sequenceability of non-Abelian groups of order ~9, Discrete Math. 37 
(1981) 203-216. 
(131 A.D. Keedwell, Sequenceable groups, generalized complete mappings, neofields and block 
designs, Proc. of Tenth Austral. Conf. on Comb. Math., Lecture Notes in Math. #lo36 
(Springer, Berlin, 1983) 49-71. 
[14] A.D. Keedwell, On R-sequenceability and R,-sequenceability of groups, Ann. Discrete Math. 18 
(1983) 535-548. 
[15] W.D. Wallis, A.P. Street and J.S. Wallis, Combinatorics: Room squares, sum-free sets, 
Hadamard matrices, Lecture Notes in Math. #292 (Springer, Berlin, 1972). 
